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Collapse of the mean curvature flow
for equifocal submanifolds
Naoyuki Koike
Abstract
In this paper, we investigate the mean curvature flows having an equifocal
submanifold in a symmetric space of compact type and its focal submanifolds as
initial data. It is known that an equifocal submanifold of codimension greater
than one in an irreducible symmetric space of compact type occurs as a principal
orbit of a Hermann action. However, we investigate the flows conceptionally
without use of this fact. The investigation is performed by investigating the
mean curvature flows having the lifts of the submanifolds to an (infinite di-
mensional separable) Hilbert space through a Riemannian submersion as initial
data .
1 Introduction
Let ft’s (t ∈ [0, T )) be a one-parameter C∞-family of immersions of a manifold M
into a Riemannian manifold N , where T is a positive constant or T =∞. Define a
map f˜ :M×[0, T )→ N by f˜(x, t) = ft(x) ((x, t) ∈M×[0, T )). If, for each t ∈ [0, T ),
f˜∗(( ∂∂t)(x,t)) is the mean curvature vector of ft : M →֒ N , then ft’s (t ∈ [0, T )) is
called a mean curvature flow. In particular, if ft’s are embeddings, then we call
Mt := ft(M)’s (0 ∈ [0, T )) rather than ft’s (0 ∈ [0, T )) a mean curvature flow. Liu-
Terng [LT] investigated the mean curvature flow having isoparametric submanifolds
(or their focal submanifolds) in a Euclidean space as initial data and obtained the
following facts.
Fact 1([LT]). LetM be a compact isoparametric submanifold in a Euclidean space.
Then the following statements (i) and (ii) hold:
(i) The mean curvature flow Mt having M as initial data collapses to a focal
submanifold of M in finite time. If a focal map of M onto F is spherical, then the
mean curvature flow Mt has type I singularity, that is, lim
t→T−0
maxv∈S⊥Mt ||Atv ||2∞(T−
1
t) < ∞, where Atv is the shape operator of Mt for v, ||Atv ||∞ is the sup norm of Atv
and S⊥Mt is the unit normal bundle of Mt.
(ii) For any focal submanifold F of M , there exists a parallel submanifold M ′
of M such that the mean curvature flow having M ′ as initial data collapses to F in
finite time.
Fact 2([LT]). Let M be as in Fact 1, C be the Weyl domain of M at x0 (∈M) and
σ be a stratum of dimension greater than zero of ∂C. Then the following statements
(i) and (ii) hold:
(i) For any focal submanifold F (of M) through σ, the maen curvature flow Ft
having F as initial data collapses to a focal submanifold F ′ (of M) through ∂σ in
finite time. If the fibration of F onto F ′ is spherical, then the mean curvature flow
Ft has type I singularity.
(ii) For any focal submanifold F (of M) through ∂σ, there exists a focal sub-
manifold F ′ (of M) through σ such that the mean curvature flow F ′t having F ′ as
initial data collapses to F in finite time.
As a generalized notion of compact isoparametric hypersurfaces in a sphere and
a hyperbolic space, and a compact isoparametric submanifolds in a Euclidean space,
Terng-Thorbergsson [TT] defined the notion of an equifocal submanifold in a sym-
metric space as a compact submanifold M satisfying the following three conditions:
(i) the normal holonomy group of M is trivial,
(ii) M has a flat section, that is, for each x ∈ M , Σx := exp⊥(T⊥x M) is totally
geodesic and the induced metric on Σx is flat, where T
⊥
x M is the normal space of
M at x and exp⊥ is the normal exponential map of M .
(iii) for each parallel normal vector field v of M , the focal radii of M along the
normal geodesic γvx (with γ
′
vx(0) = vx) are independent of the choice of x ∈ M ,
where γ′vx(0) is the velocity vector of γvx at 0.
On the other hand, Heintze-Liu-Olmos [HLO] defined the notion of an isoparametric
submanifold with flat section in a general Riemannian manifold as a submanifoldM
satisfying the above condition (i) and the following conditions (ii′) and (iii′):
(ii′) for each x ∈M , there exists a neighborhood Ux of the zero vector (of T⊥x M)
in T⊥x M such that Σx := exp⊥(Ux) is totally geodesic and the induced metric on Σx
is flat,
(iii′) sufficiently close parallel submanifolds of M are CMC with respect to the
radial direction.
In the case where the ambient space is a symmetric space G/K of compact type, they
2
showed that the notion of an isoparametric submanifold with flat section coincides
with that of an equifocal submanifold. The proof was performed by investigating its
lift to H0([0, 1], g) through a Riemannian submersion π ◦ φ, where π is the natural
projection of G onto G/K and φ is the parallel transport map for G (which is a
Riemannian submersion of H0([0, 1], g) onto G (g :the Lie algebra of G)). Let M
be an equifocal submanifold in G/K and v be a parallel normal vector field of M .
The end-point map ηv(:M 7→ G/K) for v is defined by ηv(x) = exp⊥(vx) (x ∈M).
Set Mv := ηv(M). We call Mv a parallel submanifold of M when dimMv = dimM
and a focal submanifold of M when dimMv < dimM . The parallel submanifolds
of M are equifocal. Let f : M × [0, T ) → G/K be the mean curvature flow having
M as initial data. Then, it is shown that, for each t ∈ [0, T ), ft : M →֒ G/K is a
parallel submanifold of M and hence it is equifocal (see Lemma 3.1). Fix x0 ∈ M .
Let C˜ (⊂ T⊥x0M) be the fundamental domain containing the zero vector (of T⊥x0M)
of the Coxeter group (which acts on T⊥x0M) of M at x0 and set C := exp
⊥(C˜),
where we note that exp⊥ |C˜ is a diffeomorphism onto C. Without loss of generality,
we may assume that G is simply connected. Set M˜ := (π ◦ φ)−1(M), which is an
isoparametric submanifold in H0([0, 1], g). Fix u0 ∈ (π ◦ φ)−1(x0). The normal
space T⊥x0M is identified with the normal space T
⊥
u0M˜ of M˜ at u0 through (π ◦φ)∗u0 .
Each parallel submanifold of M intersects with C at the only point and each focal
submanifold of M intersects with ∂C at the only point, where ∂C is the boundary
of C. Hence, for the mean curvature flow f :M × [0, T )→ G/K having M as initial
data, each Mt(:= ft(M)) intersects with C at the only point. Denote by x(t) this
intersection point and define ξ : [0, T )→ C˜ (⊂ T⊥x0M = T⊥u0M˜) by exp⊥(ξ(t)) = x(t)
(t ∈ [0, T )). Set M˜t := (π ◦ φ)−1(Mt) (t ∈ [0, T )). It is shown that M˜t (t ∈ [0, T ))
is the mean curvature flow having M˜ as initial data because the mean curvature
vector of M˜t is the horizontal lift of that of Mt through π ◦ φ. By investigating
ξ : [0, T )→ T⊥u0M˜ , we obtain the following fact corresponding to Fact 1.
Theorem A. Let M be an equifocal submanifold in a symmetric space G/K of
compact type. Then the following statements (i) and (ii) hold:
(i) If M is not minimal, then the mean curvature flow Mt having M as initial
data collapses to a focal submanifold F of M in finite time. Furtheremore, if M is
irreducible, the codimension of M is greater than one and if the fibration of M onto
F is spherical, then the flow Mt has type I singularity.
(ii) For any focal submanifold F of M , there exists a parallel submanifold of M
collapsing to F along the mean curvature flow and the set of all parallel submanifolds
collapsing to F along the mean curvature flow is a one-parameter C∞-family.
Also, we obtain the following fact corresponding to Fact 2 for the mean curvature
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flow having a focal submanifold of an equifocal submanifold as initial data.
Remark 1.1. U. Christ ([Ch]) showed that all irreducible equifocal submanifolds of
codimension greater than one on symmetric spaces of compact type are homogeneous
and hence they occur as principal orbits of hyperpolar actions. On the other hand,
A. Kollross ([Kol]) showed that all hyperpolar actions of cohomogeneity greater than
one on irrdeucible symmetric spaces of compact type are orbit equivalent to Hermann
actions on the space. Hence all equifocal submanifolds of codimension greater than
one on irreducible symmetric spaces of compact type occurs as principal orbits of
Hermann actions. Therefore they are classified completely. Hence we can show the
statement of Theorem A by using this classification. However, it is very important
to prove the statement conceptionally without the use of this classification. In fact,
Liu-Terng ([LT]) prove the results in [LT] conceptionally without the use of the
classification of isoparametric submanifolds in Euclidean spaces by J. Dadok ([D]).
So, in this paper, we prove the statement of Theorem A conceptionally.
Theorem B. Let M be as in the statement of Theorem A and σ be a stratum of
dimension greater than zero of ∂C (which is a stratified space). Then the following
statements (i) and (ii) hold:
(i) For any non-minimal focal submanifold F (of M) through σ, the maen cur-
vature flow Ft having F as initial data collapses to a focal submanifold F
′ (of M)
through ∂σ in finite time. Furthermore, if M is irreducible, the codimension of M
is greater than one and if the fibration of F onto F ′ is spherical, then the flow Ft
has type I singularity.
(ii) For any focal submanifold F of M through ∂σ, there exists a focal subman-
ifold of M through σ collapsing to F along the mean curvature flow, and the set
of all focal submanifolds of M through σ collapsing to F along the mean curvature
flow is a one-parameter C∞-family.
Since focal submanifolds of M through 0-dimensional stratums of ∂C are mini-
mal, it follows from these theorems thatM collapses to a minimal focal submanifold
of M after finitely many times of collapses along the mean curvature flows.
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Mt −→
(t→T1)
F 1
non−min.
F 1t −→
(t→T2)
F 2
non−min.
. . .
F k−1t −→
(t→Tk)
F k
min.(
F 1 : a focal submanifold of M
F i : a focal submanifold of F i−1 (i = 2, · · · , k)
)
According to the homogeneity theorem for an equifocal submanifold by Christ [Ch],
all irreducible equifocal submanifolds of codimension greater than one in symmetric
spaces of compact type are homogeneous. Hence, according to the result by Heintze-
Palais-Terng-Thorbergsson [HPTT], they are principal orbits of hyperpolar actions.
Furthermore, according to the classification by Kollross [Kol] of hyperpolar actions
on irreducible symmetric spaces of compact type, all hyperpolar actions of cohomo-
geneity greater than one on the symmetric spaces are Hermann actions. Therefore,
all equifocal submanifolds of codimension greater than one in irreducible symmetric
spaces of compact type are principal orbits of Hermann actions. In the last section,
we describe explicitly the mean curvature flows having orbits of Hermann actions of
cohomogeneity two on irreducible symmetric spaces of compact type and rank two
as initial data.
2 Preliminaries
In this section, we briefly review the quantities associated with an isoparametric
submanifold in an (infinite dimensional separable) Hilbert space, which was intro-
duced by Terng [T2]. Let M be an isoparametric submanifold in a Hilbert space
V .
2.1. Principal curvatures, curvature normals and curvature distributions
Let E0 and Ei (i ∈ I) be all the curvature distributions of M , where E0 is de-
fined by (E0)x = ∩
v∈T⊥x M
KerAv (x ∈ M). For each x ∈ M , we have TxM =
(E0)x ⊕
(
⊕
i∈I
(Ei)x
)
, which is the common eigenspace decomposition of Av’s (v ∈
T⊥x M). Also, let λi (i ∈ I) be the principal curvatures ofM , that is, λi is the section
of the dual bundle (T⊥M)∗ of T⊥M such that Av|(Ei)x = (λi)x(v)id holds for any
x ∈M and any v ∈ T⊥x M , and ni be the curvature normal corresponding to λi, that
is, λi(·) = 〈ni, ·〉.
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2.2. The Coxeter group associated with an isoparametric submanifold
Denote by lxi the affine hyperplane (λi)
−1
x (1) in T
⊥
x M . The focal set ofM at x is equal
to the sum ∪
i∈I
(x+ lxi ) of the affine hyperplanes x+ l
x
i ’s (i ∈ I) in the affine subspace
x + T⊥x M of V . Each affine hyperplane lxi is called a focal hyperplane of M at x.
Let W be the group generated by the reflection Rxi ’s (i ∈ I) with respect to lxi . This
group is independent of the choice x of M up to group isomorphism. This group is
called the Coxeter group associated withM . The fundamental domain of the Coxeter
group containing the zero vector of T⊥x M is given by {v ∈ T⊥x M |λi(v) < 1 (i ∈ I)}.
2.3. Principal curvatures of parallel submanifolds Let Mw be the parallel
submanifold of M for a (non-focal) parallel normal vector field w, that is, Mw =
ηw(M), where ηw is the end-point map for w. Denote by A
w the shape tensor ofMw.
This submanifold Mw also is isoparametric and A
w
v |ηw∗(Ei)x = (λi)x(v)1−(λi)x(wx) id (i ∈ I)
for any v ∈ T⊥ηw(x)Mw, that is,
λi
1−λi(w) ’s (i ∈ I) are the principal curvatures of Mw
and hence ni1−λi(w) ’s (i ∈ I) are the curvature normals of Mw, where we identify
T⊥ηw(x)Mw with T
⊥
x M .
Let M be a (general) submanifold in a Hilbert space V .
2.4. The mean curvature vector of a regularizable submanifold Assume
that M is regularizable in sense of [HLO], that is, for each normal vector v of M ,
the regularizable trace Trr Av and TrA
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v exist, where Trr Av is defined by Trr Av :=∞∑
i=1
(µ+i + µ
−
i ) (µ
−
1 ≤ µ−2 ≤ · · · ≤ 0 ≤ · · · ≤ µ+2 ≤ µ+1 : the spectrum of Av). Then
the mean curvature vector H of M is defined by 〈H, v〉 = Trr Av (∀ v ∈ T⊥M).
2.5. The mean curvature flow for a regularizable submanifold Let ft :
M →֒ V (0 ≤ t < T ) be a C∞-family of regularizable submanifold immersions into
V . Denote by Ht the mean curvature vector of ft. Define a map F :M × [0, T )→ V
by F (x, t) := ft(x) ((x, t) ∈ M × [0, T )). If ∂F∂t = Ht holds, then we call ft (0 ≤
t < T ) the mean curvature flow. In particular, if ft’s are embeddings, then we set
Mt := ft(M) and Mt (rather than ft) the mean curvature flow. Note that, for a
given regularizable submanifold immersion f : M →֒ V , there does not necessarily
exist the mean curvature flow having f as initial data in short time. Furthermore,
we note that, for the restriction f |U of f to a relative compact domain U of M , the
existence of the mean curvature flow having f |U as initial data in short time is not
assured for the sake of absence of the infinite dimensional vector bundle version of
the Hamilton’s theorem (Theorem 5.1 of [Ha]) for the existence and the uniqueness
of solutions of a certain kind of evolution equation (which includes the Ricci flow
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equation and the mean curvature flow equation (of finite dimensional case)) in short
time.
Let M be an equifocal submanifold in a symmetric space G/K of compact type
and set M˜ := (π ◦ φ)−1(M), where π is the natural projection of G onto G/K and
φ : H0([0, 1], g) → G is the parallel transport map for G.
2.6. The mean curvature vector of the lifted submanifold Denote by H˜
(resp. H) the mean curvature vector of M˜ (resp. M). Then M˜ is a regularizable
isoparametric submanifold and H˜ is equal to the horizontal lift of HL of H (see
Lemma 5.2 of [HLO]).
3 Proofs of Theorems A and B
In this section, we prove Theorems A and B. LetM be an equifocal submanifold in a
symmetric space G/K of compact type, π : G→ G/K be the natural projection and
φ be the parallel transport map for G. Set M˜ := (π ◦ φ)−1(M). Take u0 ∈ M˜ and
set x0 := (π ◦ φ)(u0). We identify T⊥x0M with T⊥u0M˜ . Let C˜(⊂ T⊥u0M˜ = T⊥x0M) be
the fundamental domain of the Coxeter group of M˜ at u0 containing the zero vector
0 of T⊥u0M˜ (= T
⊥
x0M) and set C := exp
⊥(C˜), where exp⊥ is the normal exponential
map of M . Denote by H (resp. H˜) the mean curvature vector of M (resp. M˜).
The mean curvature vector H and H˜ are a parallel normal vector field of M and M˜ ,
respectively. Let w be a parallel normal vector field of M and wL be the horizontal
lift of w to H0([0, 1], g), which is a parallel normal vector field of M˜ . Denote by
Mw (resp. M˜wL) the parallel (or focal) submanifold ηw(M) (resp. ηwL(M˜ )) of M
(resp. M˜), where ηw (resp. ηwL) is the end-point map for w (resp. w
L). Then
we have M˜wL = (π ◦ φ)−1(Mw). Denote by Hw (resp. H˜w
L
) the mean curvature
vector of Mw (resp. M˜wL). Define a vector field X on C˜ (⊂ T⊥u0M˜ = T⊥x0M) by
Xw := (H˜
w˜)u0+w (w ∈ C˜), where w˜ is the parallel normal vector field of M˜ with
w˜u0 = w. Let ξ : (−S, T ) → C˜ be the maximal integral curve of X with ξ(0) = 0.
Note that S and T are possible be equal to∞. Let ξ˜(t) be the parallel normal vector
field of M with ξ˜(t)x0 = ξ(t).
Lemma 3.1. The family M˜
ξ˜(t)
L (0 ≤ t < T ) is the mean curvature flow having M˜
as initial data and M
ξ˜(t)
(0 ≤ t < T ) is the mean curvature flow having M as initial
data.
Proof. Fix t0 ∈ [0, T ). Define a flow F : M˜ × [0, T ) → H0([0, 1], g) by F (u, t) :=
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η
ξ˜(t)
L(u) ((u, t) ∈ M˜ × [0, T )) and ft : M˜ → H0([0, 1], g) (0 ≤ t < T ) by ft(u) :=
F (u, t) (u ∈ M˜). Here we note that ft(M˜ ) = M˜
ξ˜(t)
L . For simplicity, denote by
H˜t0 the mean curvature vector of M˜
ξ˜(t0)
L . It is easy to show that F∗(( ∂∂t)(·,t0)) is
a parallel normal vector field of M˜
ξ˜(t0)
L and that F∗(( ∂∂t)(u0,t0)) = (H˜
t0)ft0 (u0). On
the other hand, since M˜
ξ˜(t0)
L is isoparametric, H˜t0 is also a parallel normal vector
field of M˜
ξ˜(t0)
L . Hence we have F∗(( ∂∂t )(·,t0)) = H˜
t0 . Therefore, it follows from the
arbitrariness of t0 that M˜
ξ˜(t)
L (0 ≤ t < T ) is the mean curvature flow having M˜ as
initial data. Define a flow F : M × [0, T ) → G/K by F (x, t) := η
ξ˜(t)
(x) ((x, t) ∈
M × [0, T )) and f¯t : M → G/K (0 ≤ t < T ) by f¯t(x) := F (x, t) (x ∈ M). Here we
note that f¯t(M) = Mξ˜(t). For simplicity, denote by H
t the mean curvature vector
of M
ξ˜(t)
. Fix t0 ∈ [0, T ). Since M˜
ξ˜(t0)
L = (π ◦ φ)−1(M
ξ˜(t0)
), we have (Ht0)L = H˜t0 .
On the other hand, we have F ∗(( ∂∂t)(·,t0))
L = F∗(( ∂∂t)(·,t0))(= H˜
t0). Hence we have
F ∗(( ∂∂t)(·,t0)) = H
t0 . Therefore, it follows from the arbitrariness of t0 that Mξ˜(t)
(0 ≤ t < T ) is the mean curvature flow having M as initial data. q.e.d.
Proof of Theorem A. Clearly we suffice to show the statement of Theorem A in
the case where M is full. Hence, in the sequel, we assume that M is full. Denote
by Λ the set of all principal curvatures of M˜ . Set r := codimM . It is shown
that the set of all focal hyperplanes of M˜ is given as the sum of finite pieces of
infinite parallel families consisting of hyperplanes in T⊥u0M˜ which arrange at equal
intervals. Let {laj | j ∈ Z} (1 ≤ a ≤ r¯) be the finite pieces of infinite parallel families
consisting of hyperplanes in T⊥u0M˜ . Since laj ’s (j ∈ Z) arrange at equal intervals,
we can express as Λ =
r¯∪
a=1
{ λa
1 + baj
| j ∈ Z}, where λa’s and ba’s are parallel sections
of (T⊥M˜)∗ and positive constants greater than one, respectively, which are defined
by ((λa)u0)
−1(1 + baj) = laj . For simplicity, we set λaj := λa1+baj . Denote by naj
and Eaj the curvature normal and the curvature distribution corresponding to λaj ,
respectively. The fundamental domain C˜ of the Coxeter group of M˜ at u0 is given
by
C˜ = {w ∈ T⊥u0M˜ |λa(w) < 1 (1 ≤ a ≤ r¯)}.
It is shown that, for each a, λa,2j ’s (j ∈ Z) have the same multiplicity and so are
also λa,2j+1’s (j ∈ Z). Denote by mea and moa the multiplicities of λa,2j and λa,2j+1,
respectively. Take a parallel normal vector field w of M˜ with wu0 ∈ C˜. Denote by
A˜w (resp. H˜w) the shape tensor (resp. the mean curvature vector) of the parallel
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submanifold M˜w. Since A˜
w
v |ηw∗(Eaj)u = (λaj)u(v)1−(λaj)u(wu) id (v ∈ T⊥u M˜), we have
TrrA˜
w
v =
r¯∑
a=1
∑
j∈Z
mea(λa,2j)u(v)
1− (λa,2j)u(wu) +
∑
j∈Z
moa(λa,2j+1)u(v)
1− (λa,2j+1)u(wu)

=
r¯∑
a=1
(
mea cot
π
2ba
(1− (λa)u(wu))−moa tan
π
2ba
(1− (λa)u(wu))
)
π
2ba
(λa)u(v),
where we use the relation cot θ2 =
∑
j∈Z
2
θ+2jπ . Therefore we have
(3.1) H˜w =
r¯∑
a=1
(
mea cot
π
2ba
(1− λa(w))−moa tan
π
2ba
(1− λa(w))
)
π
2ba
na,
where na is the curvature normal corresponding to λa. Denote by σ˜a (1 ≤ a ≤ r¯) the
maximal dimensional stratum (λa)
−1
u0 (1) of ∂C˜. Fix a0 ∈ {1, · · · , r¯}. Take w0 ∈ σ˜a0
and and w′0 ∈ C˜ near w0 such that w0−w′0 is normal to σ˜a0 . Set wε0 := εw′0+(1−ε)w0
for ε ∈ (0, 1). Then we have lim
ε→+0
(λa0)u0(w
ε
0) = 1 and sup
0<ε<1
(λa)u0(w
ε
0) < 1 for each
a ∈ {1, · · · , r¯} \ {a0}. Hence we have limε→+0 cot π2ba0 (1 − (λa0)u0(w
ε
0)) = ∞ and
sup0<ε<1 coth(1 − (λa)u0(wε0)) < ∞ (a ∈ {1, · · · , r¯} \ {a0}). Therefore, we have
lim
ε→+0
Xwε0
||Xwε0 ||
is the outward unit normal vector of σ˜a0 . Also we have lim
ε→+0
||Xwε0 || =∞.
From these facts, X is as in Fig. 1 on a sufficiently small collar neighborhood of σ˜a0 .
X
σ˜a0
C˜
Fig. 1.
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Define a function ρ over C˜ by
ρ(w) := −
r¯∑
a=1
(
mea log sin
π
2ba
(1− (λa)u0(w))
+moa log cos
π
2ba
(1− (λa)u0(w))
)
(w ∈ C˜).
Let (x1, · · · , xr) be the Euclidean coordinate of T⊥u0M˜ . For simplicity, set ∂i := ∂∂xi
(i = 1, · · · , r). Then it follows from the definition of X and (3.1) that (∂iρ)(w) =
〈Xw, ∂i〉 (w ∈ C˜, i =, · · · , r), that is, grad ρ = X. Also we have
(∂i∂jρ)(w) =
r¯∑
a=1
(
mea
sin2 π2ba (1− (λa)u0(w))
+
moa
cos2 π2ba (1− (λa)u0(w))
)
× π
2
4b2a
(λa)u0(∂i)(λa)u0(∂j).
It follows from this relation that ρ is downward convex. Also it is shown that
ρ(w) → ∞ as w → ∂C˜. Hence we see that ρ has the only minimal point. Denote
by w0 this minimal point. It is clear that Xw0 = 0. From these facts and the fact
that X is as in Fig. 1 on a sufficently small collar neighborhood of each maximal
dimensional stratum σ˜ of ∂C˜, ρ and X are as in Fig. 2.
C˜
w0
ρ
R
X
w0
?
? ?
Fig. 2.
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Let W be the Coxeter group of M˜ at u0 andW0 the isotropy group of W at 0. Also,
let Γ be the lattice of translations of W and set Γ∗ := {ω ∈ (T⊥u0M˜)∗ |ω(Γ) ⊂ Z}.
Also, let C△(T⊥u0M˜)
W be the space of all finite sums of W -invariant eigenfunctions
of △, where △ is the Laplace operator of T⊥u0M˜ . Then we can show
C△(T⊥u0M˜)
W ⊗ C = {f =
∑
ω∈Γ∗
aωe
2π
√−1ω | aω ∈ C (aω = 0 except for finite ω)
& f : W − invariant}.
Hence, according to Chapter VI,§ 3, Theorem 1 of [B], we have C△(T⊥u0M˜)W ⊗C =
C[φ1, · · · , φr] (polynomial ring) for some φ1, · · · , φr(∈ C△(T⊥u0M˜)W ). Here we note
that r = dimT⊥u0M˜ because G/K is irreducible and hence M is full and irreducible.
By reordering φ1, · · · , φr suitably, it is shown that {Reφ1, · · · ,Reφr1+r2 , Imφr1+1,
· · · , Imφr1+r2} is a base of C△(T⊥u0(M˜))W (see proof of Theorem 7.6 of [HLO]),
where Re(·) (resp. Im(·)) is the real part (resp. the imaginary part) of (·), and r1
and r2 are positive integers with r1 + 2r2 = r. Denote by {ψ1, · · · , ψr} this base
for simplicity. Set Ψ := (ψ1, · · · , ψr), which is a C∞-map from T⊥u0M˜ onto Rr. It is
shown that Ψ is injective and that Ψ|
C˜
is a homeomorphism of C˜ onto Ψ(C˜), where
C˜ is the closure of C˜. Set ξw(t) := ψt(w) and ξ¯w(t) := Ψ(ψt(w)), where w ∈ C˜. Also,
we set ξiw(t) := xi(ξw(t)) and ξ¯
i
w(t) := yi(ξ¯w(t)), where (y1, · · · , yr) is the natural
coordinate of Rr. Then we have
(ξ¯iw)
′(t) = 〈grad(yi ◦Ψ)ξw(t),Xξw(t)〉
=
r¯∑
a=1
((
mea cot(
π
2ba
(1− (λa)u0(ξw(t)))) −moa tan(
π
2ba
(1− (λa)u0(ξw(t))))
)
× π
2ba
(λa)u0(grad(yi ◦Ψ)ξw(t))
)
.
Denote byW the Coxeter group of M˜ at u0. Let fi be theW -invariant C
∞-function
over T⊥u0M˜ such that
fi(v) :=
r¯∑
a=1
((
mea cot(
π
2ba
(1− (λa)u0(v))) −moa tan(
π
2ba
(1− (λa)u0(v)))
)
× π
2ba
(λa)u0(grad(yi ◦Ψ)v)
)
for all v ∈ W · C˜. It is easy to show that such a W -invariant C∞-function exists
uniquely. Hence, we can describe fi as fi = Yi ◦Ψ in terms of some C∞-function Yi
over Rr. Set Y := (Y1, · · · , Yr), which is regarded as a C∞-vector field on Rr. Then
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we have YΨ(w) = Ψ∗(Xw) (w ∈ C˜), that is, Y |Ψ(C˜) = Ψ∗(X). Also we can show
that Y |∂Ψ(C˜) has no zero point. From these facts and the fact that X is as in Fig.
2, we see that the flow of X starting any point of C˜ other than w0 (w0 : the only
zero point of X) converges to a point of ∂C˜ in finite time, and that, furthermore,
for each point of ∂C˜, there exists a unique flow of X converging to the point. Since
M is not minimal by the assumption, we have X0 6= 0, that is, 0 6= w0. Hence we
have T < ∞ and lim
t→T
ξ(t) ∈ ∂C˜, where ξ(t) = ψt(0) and T is the supremum of the
domain of ξ. Set w1 := lim
t→T−0
ξ(t). Therefore, sinceMt =Mξ˜(t), the mean curvature
flow Mt collapses to the focal submanifold F := Mw˜1 in time T , where w˜1 is the
parallel normal vector field of M with (w˜1)x0 = w1. Also, Mt’s (−S < t < T ) are all
of parallel submanifolds of M collapsing to F along the mean curvature flow, where
−S is the infimum of the domain of ξ. Thus the first-half part of the statement (i)
and the statement (ii) are shown. Next we shall show the second-half part of the
statement (i). Assume that M is irreducible and the codimension of M is greater
than one and that the fibration ofM onto F is spherical. Set M˜ := (π◦φ)−1(M) and
F˜ := (π ◦ φ)−1(F ). Since the fibration of M onto F is spherical, F˜ passes through
a highest dimensional stratum σ˜ of ∂C˜. Let a0 be the element of {1, · · · , r¯} with
σ˜ ⊂ (λa0)−1u0 (1). Set M˜t := (π ◦ φ)−1(Mt) (t ∈ [0, T )), which is the mean curvature
flow having M˜ as initial data. Denote by At (resp. A˜t) the shape tensor ofMt (resp.
M˜t). Then, since M˜t is the parallel submanifold of M˜ for ξ˜(t)
L
, we have
Spec A˜tv \ {0} = {
(λaj)u0(v)
1− (λaj)u0(ξ(t))
| a = 1, · · · , r¯, j ∈ Z}
for each v ∈ T⊥u0+ξ(t)M˜t = T⊥u0M˜ . Since limt→T−0 ξ(t) ∈ (λa0)
−1
u0 (1) and limt→T−0
ξ(t) /∈
(λa)
−1
u0 (1) (a ∈ {1, · · · , r¯}\{a0}), we have limt→T−0(λa0)u0(ξ(t)) = 1 and limt→T−0(λa)u0(ξ(t)) <
1 (a 6= a0). From these facts, ξ′(t) = (H˜ ξ˜(t)
L
)u0+ξ(t) and (3.1), we have
(3.2)
lim
t→T−0
||A˜tv ||2∞(T − t)
= lim
t→T−0
(λa0)u0(v)
2
(1− (λa0)u0(ξ(t)))2
(T − t)
=
1
2
(λa0)u0(v)
2 lim
t→T−0
1
(1− (λa0)u0(ξ(t)))(λa0)u0(ξ′(t))
=
(λa0)u0(v)
2
2mea0 ||(na0)u0 ||2
.
Hence we have
lim
t→T−0
max
v∈S⊥
u0+ξ(t)
M˜t
||A˜tv ||2∞(T − t) =
1
2mea0
.
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Thus the mean curvature flow M˜t has type I singularity. Set v¯t := (π ◦ φ)∗u0+ξ(t)(v)
and let {λt1, · · · , λtn} (λt1 ≤ · · · ≤ λtn) (resp. {µt1, · · · , µtn} (0 ≤ µt1 ≤ · · · ≤ µtn))
be all the eigenvalues of Atv¯t (resp. R(·, v¯t)v¯t), where n := dimM . Since M is an
irreducible equifocal submanifold of codimension greater than one by the assump-
tion, it is homogeneous by the homogeneity theorem of Christ (see [Ch]) and hence
it is a principal orbit of a Hermann action by the result of Heintze-Palais-Terng-
Thorbergsson (see [HPTT]) and the classification of hyperpolar actions by Kollross
(see [Kol]). Furthermore, M and its parallel submanifolds are curvature-adapted
by the result of Goertsches-Thorbergsson (see [GT]). Therefore, Atv¯t and R(·, v¯t)v¯t
commute and hence we have
n∑
i=1
n∑
j=1
(
Ker(Atv¯t − λti id) ∩Ker(R(·, v¯t)v¯t − µtj id)
)
= T(π◦φ)(u0+ξ(t))Mt.
Set E¯tij := Ker(A
t
v¯t − λti id) ∩ Ker(R(·, v¯t)v¯t − µtj id) (i, j ∈ {1, · · · , n}) and It :=
{(i, j) ∈ {1, · · · , n}2 | E¯tij 6= {0}}. For each (i, j) ∈ It, we have
Spec(A˜tv |(π◦φ)−1∗ (E¯tij)) =


√
µtj
arctan
√
µtj
λti
+ kπ
| k ∈ Z
 (µtj 6= 0)
{λti} (µtj = 0)
in terms of Proposition 3.2 of [Koi1] and hence
||A˜tv ||∞ = max


√
µtj
arctan
√
µtj
|λti|
| (i, j) ∈ It s.t. µtj 6= 0
 ∪ {|λti| | (i, j) ∈ It s.t. µtj = 0}
 .
It is clear that sup
0≤t<T
µtn < ∞. If lim
t→T−0
|λti| =∞, then we have lim
t→T−0

√
µtj
arctan
√
µtj
λti
 /λti
= 1. Hence we have
lim
t→T−0
||A˜tv||2∞(T − t)
= max
{
lim
t→T−0
(λti)
2(T − t) | i = 1, · · · , n
}
= lim
t→T−0
max{(λti)2(T − t) | i = 1, · · · , n}
= lim
t→T−0
||Atv¯t ||2∞(T − t),
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which together with (3.2) deduces
lim
t→T−0
||Atv¯t ||2∞(T − t) =
(λa0)u0(v)
2
2mea0 ||(na0)u0 ||2
.
Therefore we obtain
lim
t→T−0
max
v∈S⊥
exp⊥(ξ(t))Mt
||Atv||2∞(T − t) =
1
2mea0
<∞.
Thus the mean curvature flow Mt has type I singularity. q.e.d.
Next we prove Theorem B.
Proof of Theorem B. For simplicity, set I := {1, · · · , r¯}. Let σ˜ be a stratum of
dimension greater than zero of ∂C˜ and Iσ˜ := {a ∈ I | σ˜ ⊂ (λa)−1u0 (1)}. Let w1 ∈ σ˜.
Denote by F (resp. F˜ ) the focal submanifold of M (resp. M˜) for w˜1 (resp. w˜
L
1 ).
Assume that F is not minimal. Then, since Ker ηw˜∗ = ⊕
a∈Iσ˜
(Ea0)u0 , we have
Tu0+w1F˜ =
(
⊕
a∈I\Iσ˜
⊕
j∈Z
ηw˜1∗((Eaj)u0)
)
⊕
(
⊕
a∈Iσ˜
⊕
j∈Z\{0}
ηw˜1∗((Eaj)u0)
)
.
Also we have
T⊥u0+w1F˜ =
(
⊕
a∈Iσ˜
(Ea0)u0
)
⊕ T⊥u0M˜,
where we identify Tu0+w1H
0([0, 1], g) with Tu0H
0([0, 1], g). For v ∈ T⊥u0M˜ (⊂ T⊥u0+w1F˜ ),
we have
A˜
w˜L1
v |ηw˜∗((Eaj)u0 ) =
(λaj)u0(v)
1− (λaj)u0(w1)
id ((a, j) ∈ ((I \ Iσ˜)× Z) ∪ (Iσ˜ × (Z \ {0}))).
Hence we have
TrrA˜
w˜L1
v
=
∑
a∈I\Iσ˜
∑
j∈Z
mea(λa,2j)u0(v)
1− (λa,2j)u0(w1)
+
∑
j∈Z
moa(λa,2j+1)u0(v)
1− (λa,2j+1)u0(w1)

+
∑
a∈Iσ˜
 ∑
j∈Z\{0}
mea(λa,2j)u0(v)
1− (λa,2j)u0(w1)
+
∑
j∈Z
moa(λa,2j+1)u0(v)
1− (λa,2j+1)u0(w1)

=
∑
a∈I\Iσ˜
(
mea cot
π
2ba
(1− (λa)u0(w1))−moa tan
π
2ba
(1− (λa)u0(w1))
)
π
2ba
(λa)u0(v),
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that is, the T⊥u0M˜ -component ((H˜
w˜L1 )u0+w1)T⊥u0M˜
of (H˜w˜
L
1 )u0+w1 is equal to
∑
a∈I\Iσ˜
(
mea cot
π
2ba
(1− (λa)u0(w1))−moa tan
π
2ba
(1− (λa)u0(w1))
)
π
2ba
(na)u0 .
Denote by Φu0+w1 the normal holonomy group of F˜ at u0+w1 and Lu0 be the focal
leaf through u0 for w˜1. Since Lu0 = Φu0+w1 · u0, there exists µ ∈ Φu0+w1 such that
µ(T⊥u0M˜) = T
⊥
u1M˜ for any point u1 of Lu0 . On the other hand, since F˜ has constant
principal curvatures in the sense of [HOT], (H˜w˜
L
1 )u0+w1 is Φu0+w1-invariant. Hence
we have (H˜w˜
L
1 )u0+w1 ∈ ∩
u∈Lu0
T⊥u M˜ , where we note that ∩
u∈Lu0
T⊥u M˜ contains σ˜ as
an open subset. Therefore, we obtain
(3.3)
(H˜w˜
L
1 )u0+w1 =
∑
a∈I\Iσ˜
(
mea cot
π
2ba
(1− (λa)u0(w1))
−moa tan
π
2ba
(1− (λa)u0(w1))
)
π
2ba
(na)u0 (∈ T σ˜).
Define a tangent vector field X σ˜ on σ˜ by X σ˜w := (H˜
w˜L)u0+w (w ∈ σ˜). Let ξ :
(−S, T )→ σ˜ be the maximal integral curve of X σ˜ with ξ(0) = w1. Define a function
ρσ˜ over σ˜ by
ρσ˜(w) := −
∑
a∈I\Iσ˜
(
mea log sin
π
2ba
(1− (λa)u0(w))
+moa log cos
π
2ba
(1− (λa)u0(w))
)
(w ∈ σ˜).
It follows from the definition of X σ˜ and (3.3) that grad ρσ˜ = X
σ˜. Also we can
show that ρσ˜ is downward convex and that ρσ˜(w) → ∞ as w → ∂σ˜. Hence we
see that ρσ˜ has the only minimal point. Denote by w0 this minimal point. It is
clear that X σ˜w0 = 0. Also, by imitating the proof of Theorem A, we can show that
the flow of X σ˜ starting any point of σ˜ other than w0 converges to a point of ∂σ˜
in finite time, and that, furthermore, for each point of ∂σ˜, there exists a unique
flow of X σ˜ converging to the point. Since F is not minimal by the assumption, we
have X σ˜w1 6= 0, that is, w1 6= w0. Hence we have T < ∞ and limt→T−0 ξ(t) ∈ ∂σ˜. Set
w2 := lim
t→T−0
ξ(t). Therefore, since Ft =Mξ˜(t), the mean curvature flow Ft collapses
to the lower dimensional focal submanifold F ′ := Mw˜2 in time T , where w˜2 is the
parallel normal vector field of M with (w˜2)x0 = w2. Also, Ft’s (−S < t < T ) are
all of focal submanifolds of M through σ˜ collapsing to F ′ along the mean curvature
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flow. Thus the first-half part of the statement (i) and the statement (ii) are shown.
Also, by imitating the proof of Theorem A, we can show the second-half part of the
statement (i). q.e.d.
4 Hermann actions of cohomogeneity two
According to the homogeneity theorem for an equifocal submanifold in a symmet-
ric space of compact type by Christ ([Ch]), equifocal submanifolds of codimension
greater than one in an irreducible compact type symmetric space are homogeneous.
Hence, according to the result by Heintze-Palais-Terng-Thorbergsson ([HPTT]),
they occur as principal orbits of hyperpolar actions on the symmetric space. Fur-
thermore, by using the classification of hyperpolar actions on irreducible compact
type symmetric spaces by Kollross ([Kol]), we see that they occur as principal or-
bits of Hermann actions on the symmetric spaces. We have only to analyze the
vector field X defined in the previous secton to analyze the mean curvature flows
having parallel submanifolds of an equifocal submanifold M as initial data. Also,
we have only to analyze the vector fields X σ˜’s (σ˜ : a simplex of ∂C˜) defined in the
proof of Theorem B to analyze the mean curvature flows having focal submanifolds
of M as initial data. In this section, we shall explicitly describe the vector field
X defined for principal orbits of all Hermann actions of cohomogeneity two on all
irreducible symmetric spaces of compact type and rank two (see Table 3). Let G/K
be a symmetric space of compact type and H be a symmetric subgroup of G. Also,
let θ be an involution of G with (Fix θ)0 ⊂ K ⊂ Fix θ and τ be an invloution of
G with (Fix τ)0 ⊂ H ⊂ Fix τ , where Fix θ (resp. Fix τ) is the fixed point group of
θ (resp. τ) and (Fix θ)0 (resp. (Fix τ)0) is the identity component of Fix θ (resp.
Fix τ). In the sequel, we assume that τ ◦ θ = θ ◦ τ . Set L := Fix(θ ◦ τ). Denote
by the same symbol θ (resp. τ) the involution of the Lie algebra g of G induced
from θ (resp. τ). Set k := Ker(θ − id), p := Ker(θ + id), h := Ker(τ − id) and
q := Ker(τ + id). The space p is identified with TeK(G/K). From θ ◦ τ = τ ◦ θ,
we have p = p ∩ h + p ∩ q. Take a maximal abelian subspace b of p ∩ q and let
p = zp(b) +
∑
β∈△′+
pβ be the root space decomposition with respect to b, where zp(b)
is the centralizer of b in p, △′+ is the positive root system of △′ := {β ∈ b∗ | ∃X(6=
0) ∈ p s.t. ad(b)2(X) = −β(b)2X (∀ b ∈ b)} under some lexicographic ordering of
b∗ and pβ := {X ∈ p | ad(b)2(X) = −β(b)2X (∀ b ∈ b)} (β ∈ △′+). Also, let
△′V+ := {β ∈ △′+ | pβ ∩ q 6= {0}} and △′H+ := {β ∈ △′+ | pβ ∩ h 6= {0}}. Then
we have q = b +
∑
β∈△′V+
(pβ ∩ q) and h = zh(b) +
∑
β∈△′H+
(pβ ∩ h), where zh(b) is the
centralizer of b in h. The orbit H(eK) is a reflective submanifold and it is isometric
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to the symmetric space H/H ∩K (equipped with a metric scaled suitably). Also,
exp⊥(T⊥eK(H(eK))) is also a reflective submanifold and it is isometric to the sym-
metric space L/H ∩K (equipped with a metric scaled suitably), where exp⊥ is the
normal exponential map of H(eK). The system △′V := △′V+ ∪ (−△′V+) is the root
system of L/H ∩K. Define a subset C˜ of b by
C˜ := {b ∈ b | 0 < β < π (∀ β ∈ △′V+), −
π
2
< β <
π
2
(∀ β ∈ △′H+ )}.
Set C := Exp(C˜), where Exp is the exponential map of G/K at eK. Let P (G,H ×
K) := {g ∈ H1([0, 1], G) | (g(0), g(1)) ∈ H ×K}, where H1([0, 1], G) is the Hilbert
Lie group of all H1-paths in G. This group acts on H0([0, 1], g) as gauge action. The
orbits of the P (G,H × K)-action are the inverse images of orbits of the H-action
by π ◦ φ. The set Σ := Exp(b) is a section of the H-action and b is a section of
the P (G,H × K)-action on H0([0, 1], g), where b is identified with the horizontal
lift of b to the zero element 0ˆ of H0([0, 1], g) (0ˆ : the constant path at the zero
element 0 of g). The set C˜ is the fundamental domain of the Coxeter group of a
principal P (G,H ×K)-orbit and each prinicipal H-orbit meets C at one point and
each singular H-orbit meets ∂C at one point. The focal set of the principal orbit
P (G,H×K)·Z0 (Z0 ∈ C˜) consists of the hyperplanes β−1(jπ)’s (β ∈ △′V+\△′H+ , j ∈
Z), β−1((j + 12)π)’s (β ∈ △′H+ \ △′V+, j ∈ Z), β−1( jπ2 )’s (β ∈ △′V+ ∩ △′H+ , j ∈ Z)
in b(= T⊥Z0(P (G,H ×K) · Z0)). Denote by expG the exponential map of G. Note
that π ◦ expG |p = Exp. Let Y0 ∈ C˜ and M(Y0) := H(Exp(Y0)). Then we have
T⊥Exp(Y0)M(Y0) = (exp
G(Y0))∗(b). Denote by AY0 the shape tensor of M(Y0). Take
v ∈ T⊥Exp(Y0)M(Y0) and set v¯ := (expG(Y0))−1∗ (v). By scaling the metric of G/K by
a suitable positive constant, we have
(4.1) AY0v |expG(Y0)∗(pβ∩q) = −
β(v¯)
tan β(Y0)
id (β ∈ △′V+)
and
(4.2) AY0v |expG(Y0)∗(pβ∩h) = β(v¯) tan β(Y0)id (β ∈ △′
H
+ ).
Set mVβ := dim(pβ ∩ q) (β ∈ △′V+) and mHβ := dim(pβ ∩ h) (β ∈ △′H+ ). Set M˜(Y0) :=
(π ◦φ)−1(M(Y0))(= P (G,H ×K) ·Y0). We can show (π ◦φ)(Y0) = Exp(Y0). Denote
by A˜Y0 the shape tensor of M˜(Y0). According to Proposition 3.2 of [Koi1], we have
Spec(A˜Y0v¯ |(π◦φ)−1∗Y0 (expG(Y0)∗(pβ∩q))) \ {0} = {
−β(v¯)
β(Y0) + jπ
| j ∈ Z} (β ∈ △′V+),
Spec(A˜Y0v¯ |(π◦φ)−1∗Y0 (expG(Y0)∗(pβ∩h))) \ {0} = {
−β(v¯)
β(Y0) + (j +
1
2)π
| j ∈ Z} (β ∈ △′H+ ),
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and
Spec(A˜Y0v¯ |(π◦φ)−1∗Y0 (expG(Y0)∗(zh(b)))) = {0}.
Hence the set PC
M˜(Y0)
of all principal curvatures of M˜(Y0) is given by
PC
M˜(Y0)
= { −β˜
β(Y0) + jπ
|β ∈ △′V+, j ∈ Z} ∪ {
−β˜
β(Y0) + (j +
1
2)π
|β ∈ △′H+ , j ∈ Z},
where β˜ is the parallel section of (T⊥M˜(Y0))∗ with β˜u0 = β ◦ expG(Y0)−1∗ . Also, we
can show that the multiplicity of −β˜β(Y0)+jπ (β ∈ △′
V
+) is equal to m
V
β and that of
−β˜
β(Y0)+(j+
1
2
)π
(β ∈ △′H+ ) is equal to mHβ . Define λY0β and bY0β (β ∈ △′+) by
(λY0β , b
Y0
β ) :=

(
−β˜
β(Y0)
,
π
β(Y0)
) (β ∈ △′V+ \ △′H+ )
(
−β˜
β(Y0) +
π
2
,
π
β(Y0) +
π
2
) (β ∈ △′H+ \ △′V+)
(
−β˜
β(Y0)
,
π
2β(Y0)
) (β ∈ △′V+ ∩△′H+ ).
Then we have −β˜β(Y0)+jπ =
λ
Y0
β
1+jb
Y0
β
when β ∈ △′V+ \ △′H+ , −β˜β(Y0)+(j+ 12 )π =
λ
Y0
β
1+jb
Y0
β
when
β ∈ △′H+ \△′V+ and ( −β˜β(Y0)+jπ ,
−β˜
β(Y0)+(j+
1
2
)π
) = (
λ
Y0
β
1+2jb
Y0
β
,
λ
Y0
β
1+(2j+1)b
Y0
β
) when β ∈ △′V+∩
△′H+ . That is, we have
PC
M˜(Y0)
= { λ
Y0
β
1 + jbY0β
|β ∈ △′+, j ∈ Z}.
Denote by mβj the multiplicity of
λβ
1+jbβ
. Then we have
mβ,2j =

mVβ (β ∈ △′V+ \ △′H+ )
mHβ (β ∈ △′H+ \ △′V+)
mVβ (β ∈ △′V+ ∩△′H+ ),
mβ,2j+1 =

mVβ (β ∈ △′V+ \ △′H+ )
mHβ (β ∈ △′H+ \ △′V+)
mHβ (β ∈ △′V+ ∩△′H+ ),
where j ∈ Z. Denote by H˜Y0 the mean curvature vector of M˜(Y0) and nY0β the
curvature normal corresponding to λY0β . Define β
♯ (∈ b) by β(·) = 〈β♯, ·〉 and let β˜♯Y0
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be the parallel normal vector field of M˜ (Y0) with (β˜♯
Y0
)Y0 = β
♯, where we identify
b with T⊥Y0M˜(Y0). From (3.1) (the case of w = 0), we have
(4.3)
H˜Y0 =
∑
β∈△′V+
mVβ cot
π
2bY0β
· π
2bY0β
nY0β
−
∑
β∈△′H+
mHβ tan
π
2bY0β
· π
2bY0β
nY0β
= −
∑
β∈△′V+
mVβ cot β(Y0)β˜
♯
Y0
+
∑
β∈△′H+
mHβ tan β(Y0)β˜
♯
Y0
.
Define a tangent vector field X on C˜ by assigning (H˜Y0)Y0 (∈ T⊥Y0M˜(Y0) = b(⊂ V ))
to each Y0 ∈ C˜. From (4.3), we have
(4.4) XY0 = −
∑
β∈△′V+
mVβ cot β(Y0)β
♯ +
∑
β∈△′H+
mHβ tan β(Y0)β
♯.
By using this description, we can explicitly describe this vector field X for all Her-
mann actions of cohomogeneity two on all irreducible symmetric spaces of com-
pact type and rank two. All Hermann actions of cohomogeneity two on all irre-
ducible symmetric spaces of compact type and rank two are given in Table 1. The
systems △′V+ and △′H+ for the Hermann actions are given in Table 2 and the ex-
plicit descriptions of X for the Hermann actions are given in Table 3. In Table
1, H∗ y G∗/K implies the dual action of H y G/K and L∗/H ∩ K is the dual
of L/H ∩ K. In Table 2, {α, β, α + β} implies a positive root system of the root
system of (a2)-type (α = (2, 0), β = (−1,
√
3)), {α, β, α + β, 2α + β} implies a pos-
itive root system of the root system of (b2)(=(c2))-type (α = (1, 0), β = (−1, 1))
and {α, β, α+ β, α+ 2β, α+3β, 2α+3β} implies a positive root system of the root
system of (g2)-type (α = (2
√
3, 0), β = (−√3, 1)). In Table 1 ∼ 3, ρi (i = 1, · · · , 16)
imply automorphisms of G and (·)2 implies the product Lie group (·) × (·) of a Lie
group (·). In Table 2, α
(m)
and so on imply that the multiplicity of α is equal to m.
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H y G/K H∗ y G∗/K L∗/H ∩K
ρ1(SO(3)) y SU(3)/SO(3) SO0(1, 2)y SL(3,R)/SO(3) (SL(2,R)/SO(2)) × R
SO(6)y SU(6)/Sp(3) SO∗(6)y SU∗(6)/Sp(3) SL(3,C)/SU(3)
ρ2(Sp(3)) y SU(6)/Sp(3) Sp(1, 2) y SU∗(6)/Sp(3) (SU∗(4)/Sp(2)) × U(1)
SO(q + 2) y SO0(2, q)y SO0(2, q)/SO(2)× SO(q)
SU(q + 2)/S(U(2) × U(q)) SU(2, q)/S(U(2) × U(q))
S(U(j + 1)× U(q − j + 1)) y S(U(1, j)× U(1, q − j))y (SU(1, j)/S(U(1) × U(j)))×
SU(q + 2)/S(U(2) × U(q)) SU(2, q)/S(U(2) × U(q)) (SU(1, q − j)/S(U(1) × U(q − j)))
SO(j + 1)× SO(q − j + 1)y SO(1, j)× SO(1, q − j)y (SO0(1, j)/SO(j))×
SO(q + 2)/SO(2) × SO(q) SO(2, q)/SO(2) × SO(q) (SO0(1, q − j)/SO(q − j))
SO(4)× SO(4)y SO∗(4) × SO∗(4) y SU(2, 2)/S(U(2) × U(2))
SO(8)/U(4) SO∗(8)/U(4)
ρ3(SO(4) × SO(4)) y SO(4,C)y SO∗(8)/U(4) SO(4,C)/SO(4)
SO(8)/U(4)
ρ4(U(4)) y SO(8)/U(4) U(2, 2)y SO∗(8)/U(4) (SO∗(4)/U(2)) × (SO∗(4)/U(2))
SO(4)× SO(6)y SO∗(4) × SO∗(6) y SU(2, 3)/S(U(2) × U(3))
SO(10)/U(5) SO∗(10)/U(5)
SO(5)× SO(5)y SO(5,C)y SO∗(10)/U(5) SO(5,C)/SO(5)
SO(10)/U(5)
ρ5(U(5)) y SO(10)/U(5) U(2, 3) y SO∗(10)/U(5) (SO∗(4)/U(2)) × (SO∗(6)/U(3))
SO(2)2 × SO(3)2 y SO(2,C)× SO(3,C)y SO0(2, 3)/SO(2) × SO(3)
(SO(5)× SO(5))/SO(5) SO(5,C)/SO(5)
ρ6(SO(5)) y SO0(2, 3)y SO(5,C)/SO(5) (SO(2,C)/SO(2))
(SO(5)× SO(5))/SO(5) ×(SO(3,C)/SO(3))
ρ7(U(2)) y Sp(2)/U(2) U(1, 1) y Sp(2,R)/U(2) (Sp(1,R)/U(1))
×(Sp(1,R)/U(1))
SU(q + 2)y SU(2, q)y SU(2, q)/S(U(2) × U(q))
Sp(q + 2)/Sp(2) × Sp(q) Sp(2, q)/Sp(2) × Sp(q)
Table 1.
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H y G/K H∗ y G∗/K L∗/H ∩K
U(4)y U∗(4) y Sp(2,C)/Sp(2)
Sp(4)/Sp(2) × Sp(2) Sp(2, 2)/Sp(2) × Sp(2)
Sp(j + 1) × Sp(q − j + 1)y Sp(1, j)× Sp(1, q − j)y (Sp(1, j)/Sp(1) × Sp(j))×
Sp(q + 2)/Sp(2) × Sp(q) Sp(2, q)/Sp(2)× Sp(q) (Sp(1, q − j)/Sp(1)× Sp(q − j))
SU(2)2 · SO(2)2 y SL(2,C) · SO(2,C)y Sp(2,R)/U(2)
(Sp(2)× Sp(2))/Sp(2) Sp(2,C)/Sp(2)
ρ8(Sp(2)) y Sp(2,R)y Sp(2,C)/Sp(2) (SL(2,C)/SU(2))
(Sp(2)× Sp(2))/Sp(2) ×(SO(2,C)/SO(2))
ρ9(Sp(2)) y Sp(1, 1)y Sp(2,C)/Sp(2) (Sp(1,C)/Sp(1))
(Sp(2)× Sp(2))/Sp(2) ×(Sp(1,C)/Sp(1))
Sp(4)y E6/Spin(10) · U(1) Sp(2, 2)y E−146 /Spin(10) · U(1) Sp(2, 2)/Sp(2) × Sp(2)
SU(6) · SU(2)y SU(2, 4) · SU(2)y SU(2, 4)/S(U(2) × U(4))
E6/Spin(10) · U(1) E−146 /Spin(10) · U(1)
ρ10(SU(6) · SU(2)) y SU(1, 5) · SL(2,R)y SO∗(10)/U(5)
E6/Spin(10) · U(1) E−146 /Spin(10) · U(1)
ρ11(Spin(10) · U(1)) y SO∗(10) · U(1)y (SU(1, 5)/S(U(1) × U(5)))
E6/Spin(10) · U(1) E−146 /Spin(10) · U(1) ×(SL(2,R)/SO(2))
ρ12(Spin(10) · U(1)) y SO0(2, 8) · U(1)y SO0(2, 8)/SO(2) × SO(8)
E6/Spin(10) · U(1) E−146 /Spin(10) · U(1)
Sp(4)y E6/F4 Sp(1, 3) y E
−26
6 /F4 SU
∗(6)/Sp(3)
ρ13(F4)y E6/F4 F
−20
4 y E
−26
6 /F4 (SO0(1, 9)/SO(9)) × U(1)
ρ14(SO(4)) y G2/SO(4) SL(2,R)× SL(2,R)y G22/SO(4) SO(4)/SO(2) × SO(2)
ρ15(SO(4)) y G2/SO(4) ρ∗15(SO(4)) y G
2
2/SO(4) (SL(2,R)/SO(2))
×(SL(2,R)/SO(2))
ρ16(G2)y (G2 ×G2)/G2 G22 y GC2 /G2 (SL(2,C)/SU(2))
×(SL(2,C)/SU(2))
SU(2)4 y (G2 ×G2)/G2 SL(2,C)× SL(2,C)y GC2 /G2 G22/SO(4)
Table 1(continued).
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H y G/K △+ = △′+ △′V+ △′H+
ρ1(SO(3)) y SU(3)/SO(3) { α
(1)
, β
(1)
, α+ β
(1)
} { α
(1)
} { β
(1)
, α+ β
(1)
}
SO(6)y SU(6)/Sp(3) { α
(4)
, β
(4)
, α+ β
(4)
} { α
(2)
, β
(2)
, α+ β
(2)
} { α
(2)
, β
(2)
, α+ β
(2)
}
ρ2(Sp(3)) y SU(6)/Sp(3) { α
(4)
, β
(4)
, α+ β
(4)
} { α
(4)
} { β
(4)
, α+ β
(4)
}
SO(q + 2) y { α
(2q−4)
, β
(2)
, α+ β
(2q−4)
, { α
(q−2)
, β
(1)
, α+ β
(q−2)
, { α
(q−2)
, β
(1)
, α+ β
(q−2)
,
SU(q + 2)/S(U(2) × U(q)) 2α+ β
(2)
, 2α
(1)
, 2α + 2β
(1)
} 2α+ β
(1)
} 2α+ β
(1)
, 2α
(1)
, 2α+ 2β
(1)
}
(q > 2)
S(U(j + 1) × U(q − j + 1)) y { α
(2q−4)
, β
(2)
, α+ β
(2q−4)
, { α
(2j−2)
, α+ β
(2q−2j−2)
, { α
(2q−2j−6)
, β
(2)
,
SU(q + 2)/S(U(2) × U(q)) 2α+ β
(2)
, 2α
(1)
, 2α + 2β
(1)
} 2α
(1)
, 2α+ 2β
(1)
} α+ β
(2j−2)
, 2α + β
(2)
}
(q > 2)
S(U(2) × U(2)) y { α
(2)
, β
(1)
, α+ β
(2)
, { α
(1)
, α+ β
(1)
} { α
(1)
, β
(1)
,
SU(4)/S(U(2) × U(2)) 2α + β
(1)
} α+ β
(1)
, 2α+ β
(1)
}
(non-isotropy gr. act.)
SO(j + 1)× SO(q − j + 1) y { α
(q−2)
, β
(1)
, α+ β
(q−2)
, { α
(j−1)
, α+ β
(q−j−1)
} { α
(q−j−1)
, β
(1)
,
SO(q + 2)/SO(2) × SO(q) 2α + β
(1)
} α+ β
(j−1)
, 2α+ β
(1)
}
SO(4)× SO(4)y { α
(4)
, β
(1)
, α+ β
(4)
, { α
(2)
, β
(1)
, α+ β
(2)
, { α
(2)
, α+ β
(2)
}
SO(8)/U(4) 2α + β
(1)
} 2α+ β
(1)
}
ρ3(SO(4) × SO(4)) y { α
(4)
, β
(1)
, α+ β
(4)
, { α
(2)
, α+ β
(2)
} { α
(2)
, β
(1)
, α+ β
(2)
,
SO(8)/U(4) 2α + β
(1)
} 2α+ β
(1)
ρ4(U(4)) y SO(8)/U(4) { α
(4)
, β
(1)
, α+ β
(4)
, { α
(1)
, α+ β
(1)
} { α
(3)
, β
(1)
, α+ β
(3)
,
2α + β
(1)
} 2α+ β
(1)
SO(4)× SO(6)y { α
(4)
, β
(4)
, α+ β
(4)
, { α
(2)
, β
(2)
, α+ β
(2)
, { α
(2)
, β
(2)
, α+ β
(2)
,
SO(10)/U(5) 2α+ β
(4)
, 2α
(1)
, 2α + 2β
(1)
} 2α + β
(2)
, 2α
(1)
, 2α+ 2β
(1)
} 2α+ β
(2)
SO(5)× SO(5)y { α
(4)
, β
(4)
, α+ β
(4)
, { α
(2)
, β
(2)
, α+ β
(2)
, { α
(2)
, β
(2)
, α+ β
(2)
,
SO(10)/U(5) 2α+ β
(4)
, 2α
(1)
, 2α + 2β
(1)
} 2α+ β
(2)
} 2α + β
(2)
, 2α
(1)
, 2α+ 2β
(1)
Table 2.
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H y G/K △+ = △′+ △′V+ △′H+
ρ5(U(5)) y SO(10)/U(5) { α
(4)
, β
(4)
, α+ β
(4)
, { α
(4)
, 2α
(1)
, 2α+ 2β
(1)
} { β
(4)
, α+ β
(4)
, 2α+ β
(4)
}
2α+ β
(4)
, 2α
(1)
, 2α+ 2β
(1)
}
SO(2)2 × SO(3)2 y { α
(2)
, β
(2)
, α+ β
(2)
, { α
(1)
, β
(1)
, α+ β
(1)
, { α
(1)
, β
(1)
, α+ β
(1)
,
(SO(5) × SO(5))/SO(5) {2α + β
(2)
} 2α+ β
(1)
} 2α+ β
(1)
}
ρ6(SO(5))y { α
(2)
, β
(2)
, α+ β
(2)
, { α
(2)
} { β
(2)
, α+ β
(2)
, 2α+ β
(2)
}
(SO(5) × SO(5))/SO(5) {2α + β
(2)
}
ρ7(U(2)) y Sp(2)/U(2) { α
(1)
, β
(1)
, α+ β
(1)
, { α
(1)
, α+ β
(1)
} { β
(1)
, 2α+ β
(1)
}
{2α + β
(1)
}
SU(q + 2)y { α
(4q−8)
, β
(4)
, α+ β
(4q−8)
, { α
(2q−4)
, β
(2)
, α+ β
(2q−4)
} { α
(2q−4)
, β
(2)
, α+ β
(2q−4)
}
Sp(q + 2)/Sp(2) × Sp(q) 2α+ β
(4)
, 2α
(3)
, 2α+ 2β
(3)
} 2α + β
(2)
, 2α
(1)
, 2α+ 2β
(1)
} 2α+ β
(2)
, 2α
(2)
, 2α+ 2β
(2)
}
(q > 2)
SU(4)y { α
(4)
, β
(3)
, α+ β
(3)
, { α
(2)
, β
(1)
, α+ β
(2)
} { α
(2)
, β
(2)
, α+ β
(1)
}
Sp(4)/Sp(2)× Sp(2) 2α+ β
(4)
} 2α+ β
(1)
} 2α+ β
(3)
}
U(4) y { α
(4)
, β
(3)
, α+ β
(3)
, { α
(2)
, β
(2)
, α+ β
(2)
} { α
(2)
, β
(1)
, α+ β
(1)
}
Sp(4)/Sp(2)× Sp(2) 2α+ β
(4)
} 2α+ β
(2)
} 2α+ β
(2)
}
Sp(j + 1)× Sp(q − j + 1) y { α
(4q−8)
, β
(4)
, α+ β
(4q−8)
, { α
(2j−4)
, 2α
(3)
, α+ β
(4q−4j−4)
} { α
(4q−4j−4)
, β
(4)
, α+ β
(4j−4)
}
Sp(q + 2)/Sp(2) × Sp(q) 2α+ β
(4)
, 2α
(3)
, 2α+ 2β
(3)
} 2α+ 2β
(3)
} 2α+ β
(4)
}
(q > 2)
Sp(2)× Sp(2)y { α
(4)
, β
(3)
, α+ β
(3)
, { α
(3)
, α+ β
(3)
} { α
(1)
, β
(3)
, 2α+ β
(4)
}
Sp(4)/Sp(2)× Sp(2) 2α+ β
(4)
}
SU(2)2 · SO(2)2 y { α
(2)
, β
(2)
, α+ β
(2)
, { α
(1)
, β
(1)
, α+ β
(1)
, { α
(1)
, β
(1)
, α+ β
(1)
,
(Sp(2) × Sp(2))/Sp(2) 2α+ β
(2)
} 2α+ β
(1)
} 2α+ β
(1)
}
ρ8(Sp(2))y { α
(2)
, β
(2)
, α+ β
(2)
, { α
(2)
, α+ β
(2)
} { β
(2)
, 2α+ β
(2)
}
(Sp(2) × Sp(2))/Sp(2) 2α+ β
(2)
}
Table 2(continued).
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H y G/K △+ = △′+ △′V+ △′H+
ρ9(Sp(2)) y { α
(2)
, β
(2)
, α+ β
(2)
, { α
(2)
, α+ β
(2)
} { β
(2)
, 2α+ β
(2)
}
(Sp(2)× Sp(2))/Sp(2) 2α+ β
(2)
}
Sp(4)y { α
(8)
, β
(6)
, α+ β
(9)
, { α
(4)
, β
(3)
, α+ β
(3)
, { α
(4)
, β
(3)
, α+ β
(6)
,
E6/Spin(10) · U(1) 2α+ β
(5)
, 2α
(1)
, 2α+ 2β
(1)
} 2α+ β
(4)
} 2α + β
(1)
}
SU(6) · SU(2)y { α
(8)
, β
(6)
, α+ β
(9)
, { α
(4)
, β
(2)
, α+ β
(4)
, { α
(4)
, β
(4)
, α+ β
(5)
,
E6/Spin(10) · U(1) 2α+ β
(5)
, 2α
(1)
, 2α+ 2β
(1)
} 2α + β
(2)
, 2α
(1)
, 2α+ 2β
(1)
} 2α + β
(3)
}
ρ10(SU(6) · SU(2)) y { α
(8)
, β
(6)
, α+ β
(9)
, { α
(4)
, β
(4)
, α+ β
(4)
, { α
(4)
, β
(2)
, α+ β
(5)
,
E6/Spin(10) · U(1) 2α+ β
(5)
, 2α
(1)
, 2α+ 2β
(1)
} 2α + β
(4)
, 2α
(1)
, 2α+ 2β
(1)
} 2α + β
(1)
}
ρ11(Spin(10) · U(1)) y { α
(8)
, β
(6)
, α+ β
(9)
, { α
(8)
, 2α
(1)
, 2α+ 2β
(1)
} { β
(6)
, α+ β
(9)
, 2α+ β
(5)
}
E6/Spin(10) · U(1) 2α+ β
(5)
, 2α
(1)
, 2α+ 2β
(1)
}
ρ12(Spin(10) · U(1)) y { α
(8)
, β
(6)
, α+ β
(9)
, { α
(6)
, β
(1)
, α+ β
(6)
, { α
(2)
, β
(5)
, α+ β
(3)
,
E6/Spin(10) · U(1) 2α+ β
(5)
, 2α
(1)
, 2α+ 2β
(1)
} 2α+ β
(1)
} 2α+ β
(4)
, 2α
(1)
, 2α+ 2β
(1)
}
Sp(4)y E6/F4 { α
(8)
, β
(8)
, α+ β
(8)
} { α
(4)
, β
(4)
, α+ β
(4)
} { α
(4)
, β
(4)
, α+ β
(4)
}
ρ13(F4)y E6/F4 { α
(8)
, β
(8)
, α+ β
(8)
} { α
(8)
} { β
(8)
, α+ β
(8)
}
ρ14(SO(4)) y { α
(1)
, β
(1)
, α+ β
(1)
, { α
(1)
, 3α+ 2β
(1)
} { β
(1)
, α+ β
(1)
, 2α+ β
(1)
,
G2/SO(4) 2α + β
(1)
, 3α + β
(1)
, 3α+ 2β
(1)
} 3α + β
(1)
}
ρ15(SO(4)) y { α
(1)
, β
(1)
, α+ β
(1)
, { α
(1)
, 3α+ 2β
(1)
} { β
(1)
, α+ β
(1)
, 2α+ β
(1)
,
G2/SO(4) 2α + β
(1)
, 3α + β
(1)
, 3α+ 2β
(1)
} 3α + β
(1)
}
ρ16(G2)y { α
(2)
, β
(2)
, α+ β
(2)
, { α
(2)
, 3α+ 2β
(2)
} { β
(2)
, α+ β
(2)
, 2α+ β
(2)
,
(G2 ×G2)/G2 2α + β
(2)
, 3α + β
(2)
, 3α+ 2β
(2)
} 3α + β
(2)
}
SU(2)4 y { α
(2)
, β
(2)
, α+ β
(2)
, { α
(1)
, β
(1)
, α+ β
(1)
, { α
(1)
, β
(1)
, α+ β
(1)
,
(G2 ×G2)/G2 2α + β
(2)
, 3α + β
(2)
, 3α+ 2β
(2)
} 2α+ β
(1)
, 3α+ β
(1)
, 3α + 2β
(1)
} 2α + β
(1)
, 3α+ β
(1)
, 3α+ 2β
(1)
}
Table 2(continued2).
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H y G/K X (C˜)
ρ1(SO(3)) y SU(3)/SO(3) X(x1,x2) = (tan(x1 +
√
3x2)− 2 cot 2x1 + tan(x1 −
√
3x2),√
3 tan(x1 +
√
3x2)−
√
3 tan(x1 −
√
3x2))
(C˜ : x1 > 0, x2 >
1√
3
x1 − pi
2
√
3
, x2 < − 1√
3
x1 +
pi
2
√
3
)
SO(6)y SU(6)/Sp(3) X(x1,x2) = (−4 cot 2x1 − 2 cot(x1 −
√
3x2)− 2 cot(x1 +
√
3x2)
+4 tan 2x1 + 2 tan(x1 −
√
3x2) + 2 tan(x1 +
√
3x2),
2
√
3 cot(x1 −
√
3x2)− 2
√
3 cot(x1 +
√
3x2)
−2√3 tan(x1 −
√
3x2) + 2
√
3 tan(x1 +
√
3x2))
(C˜ : x1 > 0, x2 >
1√
3
x1, x2 < − 1√
3
x1 +
pi
2
√
3
)
ρ2(Sp(3)) y SU(6)/Sp(3) X(x1,x2) = (−8 cot 2x1 + 4 tan(x1 −
√
3x2) + 4 cot(x1 +
√
3x2),
4
√
3 tan(x1 +
√
3x2)− 4
√
3 tan(x1 −
√
3x2))
(C˜ : x1 > 0, x2 >
1√
3
x1 − pi
2
√
3
, x2 < − 1√
3
x1 +
pi
2
√
3
)
SO(q + 2) y X(x1,x2) = (−(q − 2) cot x1 + cot(x1 − x2)− cot(x1 + x2)
SU(q + 2)/S(U(2) × U(q)) +(q − 2) tanx1 + tan(x1 − x2) + tan(x1 + x2) + 2 tan 2x1,
(q > 2) cot(x1 − x2) − (q − 2) cot x2 − cot(x1 + x2)
− tan(x1 − x2) + (q − 2) tanx2 + tan(x1 + x2) + 2 tan 2x2)
(C˜ : x1 > 0, x2 > x1, x2 <
pi
4
)
SO(4)y X(x1,x2) = (− cot x1 + tanx1 + tan(x1 − x2) + tan(x1 + x2),
SU(4)/S(U(2) × U(2)) − cot x2 − tan(x1 − x2) + tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
S(U(j + 1) × U(q − j + 1)) y X(x1,x2) = (−2(j − 1) cotx1 − 2 cot 2x1 + 2(q − j − 1) tanx1
SU(q + 2)/S(U(2) × U(q)) +2 tan(x1 − x2) + 2 tan(x1 + x2),
(q > 2) −2(q − j − 1) cot x2 − 2 cot 2x2 − 2 tan(x1 − x2)
+2(j − 1) tan x2 + 2 tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
S(U(2) × U(2)) y X(x1,x2) = (− cot x1 + tanx1 + tan(x1 − x2) + tan(x1 + x2),
SU(4)/S(U(2) × U(2)) − cot x2 − tan(x1 − x2) + tan x2 + tan(x1 + x2))
(non-isotropy gr. act.) (C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
SO(j + 1)× SO(q − j + 1) y X(x1,x2) = (−(j − 1) cot x1 + (q − j − 1) tan x1
SO(q + 2)/SO(2) × SO(q) + tan(x1 − x2) + tan(x1 + x2),
(q > 2) −(q − j − 1) cot x2 − tan(x1 − x2)
+(j − 1) tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
Table 3.
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SO(4)× SO(4)y X(x1,x2) = (−2 cot x1 − cot(x1 − x2)
SO(8)/U(4) −2 cot(x1 + x2) + 2 tan x1,
cot(x1 − x2) − 2 cot x2
−2 cot(x1 + x2) + 2 tanx2)
(C˜ : x1 > 0, x2 > 0, x2 < x1, x1 + x2 < π)
ρ3(SO(4)× SO(4))y X(x1,x2) = (−2 cot x1 + 2 tan x1
SO(8)/U(4) + tan(x1 − x2) + tan(x1 + x2),
−2 cotx2 − tan(x1 − x2)
+2 tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 < 0, x1 + x2 <
pi
2
)
ρ4(U(4)) y SO(8)/U(4) X(x1,x2) = (− cot x1 + 3 tan x1
+tan(x1 − x2) + tan(x1 + x2),
− cot x2 − tan(x1 − x2)
+3 tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
SO(4)× SO(6)y X(x1,x2) = 2(− cot x1 − cot(x1 − x2)− cot(x1 + x2)
SO(10)/U(5) − cot 2x1 + tan x1
+tan(x1 − x2) + tan(x1 + x2),
cot(x1 − x2)− cot x2 − cot(x1 + x2)
− cot 2x2 − tan(x1 − x2)
+ tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1, x1 + x2 <
pi
2
)
SO(5)× SO(5)y X(x1,x2) = 2(− cot x1 − cot(x1 − x2)− cot(x1 + x2)
SO(10)/U(5) + tan x1 + tan(x1 − x2)
+ tan(x1 + x2) + tan 2x1,
cot(x1 − x2)− cot x2 − cot(x1 + x2)
− tan(x1 − x2) + tan x2
+tan(x1 + x2) + tan 2x2)
(C˜ : x1 > 0, x2 > 0, x2 > x1, x2 <
pi
4
)
ρ5(U(5)) y SO(10)/U(5) X(x1,x2) = 2(−2 cot x1 − cot 2x1
+2 tan(x1 − x2) + 2 tan(x1 + x2),
− cot 2x2 − 2 tan(x1 − x2)
+2 tan(x1 + x2) + 2 tan x2)
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
Table 3(continued).
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SO(2)2 × SO(3)2 y X(x1,x2) = (− cot x1 − cot(x1 − x2)− cot(x1 + x2)
(SO(5)× SO(5))/SO(5) + tan x1 + tan(x1 − x2) + tan(x1 + x2),
cot(x1 − x2)− cot x2 − cot(x1 + x2)
− tan(x1 − x2) + tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x2 > x1, x1 + x2 <
pi
2
)
ρ6(SO(5)) y X(x1,x2) = 2(− cot x1 + tan(x1 − x2) + tan(x1 + x2),
(SO(5)× SO(5))/SO(5) − tan(x1 − x2) + tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1 − pi2 , x1 + x2 < pi2 )
ρ7(U(2)) y Sp(2)/U(2) X(x1,x2) = (− cot x1 + tan(x1 − x2) + tan(x1 + x2),
− cot x2 − tan(x1 − x2) + tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
U(q + 2)y X(x1,x2) = (−(2q − 4) cot x1 − 2 cot(x1 − x2)− 2 cot(x1 + x2)
Sp(q + 2)/Sp(2) × Sp(q) −2 cot 2x1 + (2q − 4) tan x1 + 2 tan(x1 − x2)
(q > 2) +2 tan(x1 + x2) + 4 tan 2x1,
2 cot(x1 − x2) − (2q − 4) cot x2 − 2 cot(x1 + x2)
−2 cot 2x2 − 2 tan(x1 − x2) + (2q − 4) tan x2
+2 tan(x1 + x2) + 4 tan 2x2)
(C˜ : x1 > 0, x2 > x1, x2 <
pi
4
)
SU(4) y X(x1,x2) = (−2 cot x1 − cot(x1 − x2)− cot(x1 + x2)
Sp(4)/Sp(2) × Sp(2) 2 tanx1 + 2 tan(x1 − x2) + 3 tan(x1 + x2),
cot(x1 − x2)− 2 cot x2 − cot(x1 + x2)
−2 tan(x1 − x2) + tanx2 + 3 tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1, x1 + x2 <
pi
2
)
U(4)y X(x1,x2) = (−2 cot x1 − 2 cot(x1 − x2)− 2 cot(x1 + x2)
Sp(4)/Sp(2) × Sp(2) 2 tan x1 + tan(x1 − x2) + 2 tan(x1 + x2),
2 cot(x1 − x2)− 2 cot x2 − 2 cot(x1 + x2)
− tan(x1 − x2) + tan x2 + 2 tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1, x1 + x2 <
pi
2
)
Sp(j + 1) × Sp(q − j + 1)y X(x1,x2) = (−4(j − 1) cot x1 − 6 cot 2x1
Sp(q + 2)/Sp(2) × Sp(q) +4(q − j − 1) tan x1 + 4 tan(x1 − x2) + 4 tan(x1 + x2),
(q > 2) −4(q − j − 1) cot x2 − 6 cot 2x2 − 4 tan(x1 − x2)
+4(j − 1) tan x2 + 4 tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
Table 3(continued2).
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Sp(2)× Sp(2)y X(x1,x2) = (−3 cotx1 + tan x1
Sp(4)/Sp(2) × Sp(2) +3 tan(x1 − x2) + 4 tan(x1 + x2),
−3 cotx2 − 3 tan(x1 − x2) + 4 tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
SU(2)2 · SO(2)2 y X(x1,x2) = (− cot x1 − cot(x1 − x2)− cot(x1 + x2)
(Sp(2)× Sp(2))/Sp(2) + tan x1 + tan(x1 − x2) + tan(x1 + x2),
cot(x1 − x2)− cot x2 − cot(x1 + x2)
− tan(x1 − x2) + tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1, x1 + x2 <
pi
2
)
ρ8(Sp(2)) y X(x1,x2) = 2(− cot x1 + tan(x1 − x2) + tan(x1 + x2),
(Sp(2)× Sp(2))/Sp(2) − cot x2 − tan(x1 − x2) + tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
ρ9(Sp(2)) y X(x1,x2) = 2(− cot x1 + tan(x1 − x2) + tan(x1 + x2),
(Sp(2)× Sp(2))/Sp(2) − cot x2 − tan(x1 − x2) + tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
Sp(4)y X(x1,x2) = (−4 cotx1 − 3 cot(x1 − x2) − 4 cot(x1 + x2)
E6/Spin(10) · U(1) +4 tan x1 + 3 tan(x1 − x2) + tan(x1 + x2),
3 cot(x1 − x2)− 3 cot x2 − 4 cot(x1 + x2)
−3 tan(x1 − x2) + 6 tan x2 + tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1, x1 + x2 <
pi
2
)
SU(6) · SU(2)y X(x1,x2) = (−4 cotx1 − 2 cot(x1 − x2) − 2 cot(x1 + x2)
E6/Spin(10) · U(1) −2 cot 2x1 + 4 tanx1
+4 tan(x1 − x2) + 3 tan(x1 + x2),
2 cot(x1 − x2)− 4 cot x2 − 2 cot(x1 + x2)
−2 cot 2x2 − 4 tan(x1 − x2)
+5 tan x2 + 3 tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1, x1 + x2 <
pi
2
)
ρ10(SU(6) · SU(2)) y X(x1,x2) = (−4 cotx1 − 4 cot(x1 − x2) − 4 cot(x1 + x2)
E6/Spin(10) · U(1) −2 cot 2x1 + 4 tanx1
+2 tan(x1 − x2) + tan(x1 + x2),
4 cot(x1 − x2)− 4 cot x2 − 4 cot(x1 + x2)
−2 cot 2x2 − 2 tan(x1 − x2) + 5 tan x2
+tan(x1 + x2))
(C˜ : x1 > 0, x2 > x1, x1 + x2 <
pi
2
)
Table 3(continued3).
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ρ11(Spin(10) · U(1)) y X(x1,x2) = (−8 cot x1 − 2 cot 2x1
E6/Spin(10) · U(1) +6 tan(x1 − x2) + 5 tan(x1 + x2),
−2 cot 2x2 − 6 tan(x1 − x2)
+9 tan x2 + 5 tan(x1 + x2))
(C˜ : x1 > 0, x2 > 0, x1 + x2 <
pi
2
)
ρ12(Spin(10) · U(1)) y X(x1,x2) = (−6 cotx1 − cot(x1 − x2)− cot(x1 + x2)
E6/Spin(10) · U(1) 2 tan x1 + 5 tan(x1 − x2)
+4 tan(x1 + x2) + 2 tan 2x1,
cot(x1 − x2)− 6 cot x2 − cot(x1 + x2)
−5 tan(x1 − x2) + 3 tanx2
+4 tan(x1 + x2) + 2 tan 2x2)
(C˜ : x1 > 0, x2 <
pi
4
, x2 > x1)
Sp(4)y E6/F4 X(x1,x2) = (−8 cot 2x1 − 4 cot(x1 −
√
3x2)− 4 cot(x1 +
√
3x2)
+8 tan 2x1 + 4 tan(x1 −
√
3x2) + 4 tan(x1 +
√
3x2),
4
√
3 cot(x1 −
√
3x2)− 4
√
3 cot(x1 +
√
3x2)
−4√3 tan(x1 −
√
3x2) + 4
√
3 tan(x1 +
√
3x2))
(C˜ : 0 < x1 <
pi
4
, x1√
3
< x2 <
x1√
3
+ pi
2
√
3
,− x1√
3
< x2 < − x1√
3
+ pi
2
√
3
)
ρ13(F4)y E6/F4 X(x1,x2) = (−16 cot 2x1 + 8 tan(x1 −
√
3x2) + 8 tan(x1 +
√
3x2),
−8√3 tan(x1 −
√
3x2) + 8
√
3 tan(x1 +
√
3x2))
(C˜ : x1 > 0, x1 −
√
3x2 <
pi
2
, x1 +
√
3x2 <
pi
2
)
ρ14(SO(4)) y G2/SO(4) X(x1,x2) = (−2 cot 2x1 + 3 tan(3x1 −
√
3x2) + tan(x1 −
√
3x2)
+ tan(x1 +
√
3x2) + 3 tan(3x1 +
√
3x2),
−2√3 cot 2√3x2 −
√
3 tan(3x1 −
√
3x2)−
√
3 tan(x1 −
√
3x2)
+
√
3 tan(x1 +
√
3x2) +
√
3 tan(3x1 +
√
3x2))
(C˜ : x1 > 0, x2 > 0,
√
3x1 + x2 <
pi
2
√
3
)
ρ15(SO(4)) y G2/SO(4) X(x1,x2) = (−2 cot 2x1 + 3 tan(3x1 −
√
3x2) + tan(x1 −
√
3x2)
+ tan(x1 +
√
3x2) + 3 tan(3x1 +
√
3x2),
−2√3 cot 2√3x2 −
√
3 tan(3x1 −
√
3x2)−
√
3 tan(x1 −
√
3x2)
+
√
3 tan(x1 +
√
3x2) +
√
3 tan(3x1 +
√
3x2))
(C˜ : x1 > 0, x2 > 0,
√
3x1 + x2 <
pi
2
√
3
)
Table 3(continued4).
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ρ16(G2)y (G2 ×G2)/G2 X(x1,x2) = 2(−2 cot 2x1 + 3 tan(3x1 −
√
3x2) + tan(x1 −
√
3x2)
+ tan(x1 +
√
3x2) + 3 tan(3x1 +
√
3x2),
−2√3 cot 2√3x2 −
√
3 tan(3x1 −
√
3x2)−
√
3 tan(x1 −
√
3x2)
+
√
3 tan(x1 +
√
3x2) +
√
3 tan(3x1 +
√
3x2))
(C˜ : x1 > 0, x2 > 0,
√
3x1 + x2 <
pi
2
√
3
)
SU(2)4 y (G2 ×G2)/G2 X(x1,x2) = (−2 cot 2x1 − 3 cot(3x1 −
√
3x2)− cot(x1 −
√
3x2)
− cot(x1 +
√
3x2)− 3 cot(3x1 +
√
3x2) + 2 tan 2x1
+3 tan(3x1 −
√
3x2) + tan(x1 −
√
3x2)
+ tan(x1 +
√
3x2) + 3 tan(3x1 +
√
3x2),√
3 cot(3x1 −
√
3x2) +
√
3 cot(x1 −
√
3x2)−
√
3 cot(x1 +
√
3x2)
−√3 cot(3x1 +
√
3x2) − 2
√
3 cot 2
√
3x2 −
√
3 tan(3x1 −
√
3x2)
−√3 tan(x1 −
√
3x2) +
√
3 tan(x1 +
√
3x2)
+
√
3 tan(3x1 +
√
3x2) + 2
√
3 tan 2
√
3x2)
(C˜ : x1 > 0, x2 <
pi
4
√
3
, x2 >
√
3x1)
Table 3(continued5).
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